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A SIMPLIFIED PRESENTATION OF 


EINSTEIN’S 
UNIFIED FIELD EQUATIONS 


In his recent paper, “ Zur einheitlichen Feldtheorie ”,1 Ein- 
stein made use of the fundamental idea that it is both possible 
and useful to give a geometrical interpretation of the complete 
system of the sixteen field equations (consisting of Einstein’s 
celebrated gravitational equations and Maxwell’s equations) in 
such a way as to include the definition (and the definition only) 
of an orthogonal quadruplet? embedded in the space-time world. 

Conversely, the sixteen parameters determining a quadruplet 
are to give a complete definition not only of the Riemannian 
metric of space (as is well known, this takes place automatically), 
but of the phenomena of electromagnetism as well. 

For this purpose the eminent author introduced covariant 
derivatives with respect to the quadruplet, and suggested relation- 
ships between them which to a first approximation lead to the 
required co-ordination of gravitational and electromagnetic 
phenomena. 

It appears to me, however, that the root problem raised by 
Einstein can be solved in a simpler and more general way by 
making use of perfectly familiar methods of the absolute differ- 
ential calculus on the one hand, while, on the other hand, retaining 
unaltered all results previously obtained. 


1. Geometrical and formal preliminaries.? 
Ibe a (p= OL a a 5 | n — 1) be general co-ordinates of a 


1 Berliner Berichte, 1, 1929, pp. 1-8. "Ger. Vierbein. 
¿See in particular my Absolute Differential Calculus (English translation hy 
Miss Long), Chap. III. Blackie & Son, Ltd., 1927. 
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Riemannian space R, and A; («= 0, 1, .. . . m— 1) the para- 
meters of n congruences, which define a lattice of lines in R, and 
an n-uplet 1 at every point. 

Following Einstem’s example I shall use Greek letters for 
co-ordinate indices (such as v), and Roman letters, on the other 
hand, for indices referring to the n-uplet (such as 2). I shall 
leave out signs of summation with respect to Greek indices 
(provided they occur once above and once below), but other &’s 
will be retained. 

As usual, let the quantities Ay, be the elements reciprocal to 
A; (normalized cofactors). For every i they form a covariant 
system (moments of the n-uplet in question). By composition 
with the quantities A', À, we obtain, from every mixed tensor 
of rank p + q with the components 


vi Pe nes hy F "r $ 
7. ce (fiis ++. 3 Myr Pir ++. My = Od; .,.,—1), 


an “n-uplet tensor ”,? the components of which are defined by 
the formule 


A ng AN RS A O 


ta? ie Le -Mp 


and conversely, since these formulæ can be solved for the co- 
ordinate components in the form 
net 


ses oe > ey E ey ET 
Ay «sep an ip hy Ey rh ip hy ko 


Atras: Aló Aten AN 


Yelena lag Ar, 


The components of the n-uplet tensor are pure invariants 
with respect to transformations of co-ordinates; they essentially 
depend on the n-uplet considered, but, as is easily verified, they 
also behave like a tensor when the quantities A: and Aj], are 
simultaneously subjected to orthogonal transformations. 

If we put 


n-1 
u SN 

Inv ddi À 
0 


A 


ilus 


(u,v = 0,1,...,n—1) (2) 


ile 


a definite metric 
a = 7,40 . . . mi) 


(for real values of the quantities involved) is introduced into R, 
in such a way that our n-uplet turns out orthogonal. Later ($3) 


1 Ger. n- Bein. 2 Ger. Beintensor. 
(1129) 
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I shall give the (unimportant) modifications required to transfer 
the n-uplet theory, avoiding any appearance of imaginaries, to 
an indefinite metric (with a given index of inertia). 

Meanwhile I suppose that the covariant derivatives of the 
moments Àq, have been introduced, and, following Ricci, I take 
the coefficients of rotation 

Patria eee. en we A) 


ilvp k 
In virtue of the identities 
Natel et 2 ed) 


(which result from the relationships between parameters and 
moments), Ricci’s quantities y form n ol. mvariants with 
respect to transformations of co-ordinates, which of course 
essentially depend on the given n-uplet and necessarily include 
all its geometrical differential properties of the first order. With 
respect to orthogonal transformations with constant coefficients 
the quantities y behave like a tensor of the third rank. In order 
to emphasize the limitation to transformations with constant 
coefficients I shall call such systems local n-uplet tensors. True 
n-uplet tensors behave as invariants with respect to all ortho- 
gonal transformations whose coefficients can vary in any way 
with the quantities z. 

Perhaps it is not superfluous to remark that the explicit 
expressions for the coefficients of rotation, y, can also be obtained 
directly by ordinary differentiation without making use of the 
covariant derivatives of the quantities A,,,. 

In order to do this, we have to introduce either the Pfaffian 
expressions 


di = Ade, 
or the operators 
Y = x= Sn 
ds; - 6 “or 
(derivatives of a function f[x°, . . . , 2”~"] in the direction of the 


lines of the congruences), and then to form the corresponding 
bilinear covariants or Poisson brackets. We can, however, 


attain the desired result even more rapidly by using (4) and 
(£129) A2 
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noticing that, according to the definition of covariant differen- 
tiation, we have the identity 


OA, DA 
A = m = C ije — Dile, 
ve Ar dar On” 
We thus obtain 
n=] 
vip CEN GA, | 
Yui — Vx = 2, Sa FAR 


and all the quantities y are uniquely determined by these equa- 
tions together with (5). 
Equations (4) can be solved for the quantities A;;,,, giving 


” 


-1 
Au > Sn Yijh Xj, nips JE CO (£) 
from which we obtain the conditions of integrability of (4’) by 
repeated covariant differentiation and formation of differences. 
For this we require the commutation-formula 


Mitupo y Ailvep = Ro, po Mi, $ 9 = (6) 
where R ypo denotes the Riemannian tensor. 
In this way we obtain 
Vij, nk = Wuv, ae A; À; Ah A, > MR 


where for brevity we write Yis, nx = 


dyin, phi dy sy 
ds, ds, 


n-1 
+ z, [Yin (Yi — Yun) + Yue Yun — Yor Yır)- (8) 


From (7) we conclude that the 4-index symbols, y, form a (true) 
n-uplet tensor. In virtue of the well-known identities satisfied 
by the Riemannian symbols the formule (7) lead to similar 
identities for the 4-index symbols, y, namely 

Vij, hk — AAA i Yu. th — Yre j (9) 

Yi, he T Vinay E Ya, = 0 

Now for the Einstein tensor 
G Rav, po 9°- 


„a 


Its components G;,, with respect to the two members 2, k 
of the n-uplet are expressed, by (1), by 


Gy = GNX, 


po" 
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whence, by (7), 
n=l 


Gir x, Yin, AE s è $ e (10) 


The linear (co-ordinate and n-uplet) invariant 
-l 


G G on D Gy 
0 


pos 


consequently takes the form 
net 


G Zur Via, mies (ses) doe. (11) 


In conclusion, I shall emphasize one other fact, namely that 
contraction of two indices in an n-uplet tensor leads to a reduced 
tensor—of the (m — 2)th rank if the original tensor is of the mth 
rank. 

As we have already seen, the quantities y;z, form a local 
n-uplet tensor of the third rank, which in virtue of (5) is skew- 
symmetrical with respect to the two first indices 7, k. The same 
is true for the differences yyy — ymi which for 2, k + l are called 
anormalities (i.e. quantities which vanish when the lth con- 
gruence of the n-uplet is normal). 


If we apply the differential operator E to the elements An) 
S: 


(where (4) stands for h,h, . . . Am) of a local or true n-uplet tensor, 


we obtain a new local n-uplet tensor Sa, the rank of which 


exceeds that of the original tensor by unity. In particular, we 
obtain in this way the local n-uplet tensor of the fourth rank 
di 
ds, y 


which is skew-symmetrical with respect to i and k. By con- 
traction we obtain 


n=l 
Ben eat, io) 
0 Si 


so that we have obviously formed a skew-symmetrical local 
n-uplet tensor £ of the second rank. Its covariant and contra- 
variant components are respectively 


n=l nel 
En = Eu bahn 87 Ena NM (13) 
0 
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We may mention in addition that the n quantities 
wel 


Qq = DY . . . . . (14) 


may be interpreted as mean curvatures of the n — 1-fold sections, 
drawn orthogonally to the lines of the n-uplet. By what 
we have said above, they are line-components of a local 
n-uplet vector. From the tensor of the third rank, Y; — Yini» 
and this vector we obtain by contraction a new local n-uplet 
tensor of the second rank, namely 


n-1 


Ne = Zalya— yu» - - - (15) 


which is also skew-symmetrical. 


2. Formation of divergences. The special case » = 4. 


If v are the contravariant components of a vector v, its diver- 
gence is defined by the invariant 


div v = Y, 5 J 5 aglo) g lv’) . (16) 
Jo q |o o” ox 
where, as usual, y denotes the determinant ||g,,, || and |g] is written 
(instead of simply g) because the formula is then valid as it 
stands even for an indefinite ds?. 

For the divergence of a tensor & of the second rank with the 
contravariant components £*" we obtain a vector y with the 
contravariant components 


ei) 
Following von Laue,! we shall write simply 
= Div ce. (cu) 


If we here replace the covariant derivatives €", by their 
explicit values, we obtain 
y" Mel A 
> 0 — = = ( / py . ly 
el az Isle, (17°) 


1 Die Relativitätstheorie, Bd. 11 (2nd edition, Vieweg, Brunswick, 1923), 
§ 14. 
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in the case of a skew-symmetrical tensor (&*” -+ &” = 0); hence, 
by (16), 
i ai pe 1 
v = e dera e . 
a vigl on” order Isle)... (18) 


Owing to the skew-symmetry of the quantities £"", the right- 
hand side vanishes identically. 

Thus if we again make use of covariant derivatives, we obtain 
the identity 


Ka = af = 0, 
or finally, in tensor notation, 
Gu (Dieta) = O . 2 o o (0) 


That is, in an arbitrary Riemannian space the divergence of the 
divergence of a skew-symmetrical tensor of the second rank is identi- 
cally zero. 

In order to express the right-hand sides of (16) and (17) in 
n-uplet tensor components, it is sufficient to apply the operator 


ds, ‘da? 
to the formule of definition 


Vp vw Ay lus 


Es 27 À; ry lv’ 


ilu 


By replacing ordinary differentiation by covariant differentiation 
on the right-hand side (which is permissible, as we are dealing 
with invariants), we obtain 


dv, 
v p y P 
ae. ole New At F 0% Ay. A> 
t 


des 


ds, = "A ila Ay, X, HEA Au‘ klv + Aiju Au) 
whence, by (4°), (16), and (17), 
n-1 du nel 
E, = div v + Zur Yan Ua y (19) 
0 Sh D 
M1 de, r u 
x, > = Xi t+ Ane (Yew Em + Ykhk En) - (20) 
0 Sh 0 
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which give the divergences div v and Div E of n-uplet tensors 
(of the first or second rank) directly by means of n-uplet com- 
ponents and n-uplet operations. 

For n = 4 we have an elementary tensor of the fourth rank 
at our disposal, namely the well-known Riccian e-system, the 
covariant and contravariant components of which, €, pp, e” 
respectively, are equal to zero if the four indices are not all 
different. The other components have the respective values 


: l 
E| gl, + Tig’ the upper or lower sign being taken 


according as the permutation (uvpo) is even or odd with 
respect to (0123). 

Let É again be a skew-symmetrical tensor of the second rank 
with the contravariant components £”, If we put 


AI AAA 
which means the same as 

a A > Y 
or DE I Dv wo o 2 . Te) 


in von Laue's notation, we are justified in calling the vector p 
with the above covariant and contravariant components the 
Pfaffian divergence of E. because the p*’s vanish identically if, 
and only if, the É,,'s coincide with the coefficients of the 
bilinear covariants of a Pfaffian expression ¢,dx’. This is 
most easily proved by replacing the covariant derivatives 
Epi. in (21’) by their explicit values and noting that, owing 
to the skew-symmetry of the quantities £,,, all that we have 
left is 


: dE, 91" 
p“ = po "Po A" eh a. Hal) 
The right-hand sides obviously vanish if the quantities On are 
Sa 22 x 
ed 0%, g 


laced by the diff s a 
replaced by the differences _— 2,775: 
By substituting the expression (21””) for the p*’s in the 
second form (16) of the divergence of a vector we immediately 


obtain div p = 0, which, bearing (21’’) in mind, may be written 
ADO ee 22) 
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that is, the divergence of the Pfaffian divergence of a skew-sym- 

metrical tensor of the second rank in R, vanishes identically. 
Further, we shall proceed to represent the vector p (the 

Pfaffian divergence) directly in terms of the n-uplet components 


= EXA 


of the given tensor. Here it suggests itself to start from the 


solved form of the equations which we have just written down, 
namely 


s 
En = Eye Ent Anto Arps 
0 


and to calculate the quantities & 
of the right-hand side. 
From 


w»lo by covariant differentiation 


5 
Enklo = X, 
0 


and (4’) we obtain 
e 
a — En dem A Pac jy Ar ter E , 


hence, by (21’), 
{gem PA. Zu cre ile 


3 dé, 3 

= Ein Ein = + Emi En (Esa Yna F Eig Yren) 
0 8) n 

3 


5 (dër j y $ ) 
Laat nat E Es (ym Fie + Yan Enj) ts 
o { ds, 0 ) 


where for brevity we have put: 
Ema = Ar Anto Arp Atte 
Anjo Aon Ave Adj 
ey: Ayo Ain Aje As 
v| g | Asın Aoi Asia Asis 
A, 0 Asi Asta Asia 


(23) 


Thus these quantities e,,,; are equal to zero if two of the four 
indices are equal. If, on the other hand, ¿hkl is a permutation of 
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the numbers 0123, ¢,,,; has the value +-1, according as the class 


of the substitution ( al is even or odd. We accordingly see 


0123 
that in the expression which we have just obtained for the p,’s 
the two last terms are equal to each other, so that we finally 


obtain 
3 


Pp = net enu | ES e 22, Yin E]. . (24) 


3. Transformations for an indefinite metric. 


According to Hisenhart! all the formule of the n-uplet 
theory can be transferred in a readily intelligible way to indefinite 
metrics, without leaving the real region even temporarily. 

If we consider an indefinite 


ds? = g,, de da’ 


we (as is well known) call a (real) direction dx” time-like or space- 
like, according as the corresponding ds? turns out greater or 
less than zero; null directions are those directions, ©”? in 
number, for which ds? = 0. 
In any case we call the ratios 
da” 
A= e a= Op o al 
[ds] ( ) 
parameters of a proper (i.e. non-null) direction. 
Hence we have 
ds* 
eae = = Sy os . 25 
Ir | ds2| Æ (25) 
if we henceforth denote positive or negative unity by e. 
As in the definite case we introduce as moments of a given 
direction the covariant quantities 


Ay = Ee; IN 0) 
so that the quadratic identity (25) takes the form 
Oe . EM 
If the quantities Az (i = 0, 1, . . ., n — 1) are the parameters 


1 Riemannian Geometry, Princeton University Press, 1926, Chap. III. 
Y yi P 
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of an orthogonal n-uplet consisting of proper directions only, 
we have 


AA = 0 (i + k) 
on account of the orthogonality of the »-uplet, and also 


| e 
by (27). 

The total number of negative (and consequently also of the 
remaining positive) quantities e, for a given ds? is always equal 
to its index of inertia, and hence is always the same no matter 
what (proper) r-uplet is considered. 

The two groups of relationships between parameters and 
moments of an n-uplet which we have just written down may 
be summarized in the single formula 


A, Api, = ey Sx = €; Ones . . . (28) 
where the symbols 6,, have their usual meaning; or, since e,? = 1, 
A, €; Atl = Òir- 


From this we conclude that the elements reciprocal to the 
parameters A; are not exactly equal to the moments A,,,, but to 
e;A;,,-_ Thus the quantities e,A7 are the elements reciprocal to the 
moments A;¡,. If we imagine the equations (26) written down 
for every n-uplet, we have 


Aito = Ip A 


(denoting the index of summation by p). By multiplying by 
Ciù and summing with respect to 7 we obtain 


Gur z, i Ailu Ailo 
which replaces formula (2) for the definite case, and so on. 
From this point it will suffice if I confine myself to quite 
brief hints, and I shall of course write down only those formule 
which do not remain unaltered throughout. These will be 
marked with an asterisk and given the same number as the 
corresponding formula referring to a definite metric. 
In the first place, n-uplet components of any given tensor 
and coefficients of rotation y; must in any case be introduced 
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by the equations of definition (1) and (4); the solved expressions 
for the quantities A;¡,,, on the other hand, are in general 

n-1 
= En Yijn Ej En Ain A, Ip* + (4’)* 


A 


ilva 


The covariant equations (6), and also the equations of defini- 
tion of the 4-index symbols y (T) are true without restriction; 
but the n-uplet tensor expressions for the quantities yy ,, suffer 
a small modification. In fact we must in general put 


Yun = Ayin == dyin. 
ij, hk ds, ds, 


n-1 


+ 2, e; Yin (Yin > Yuen) Sr Ylik Yih — Yun Yın)- (8) * 


Of course these quantities are still connected by the relation- 
ships (9), in virtue of equations (7). 

It is essential to note, however, that the local transference 
from one r-uplet to another does not correspond to any orthogonal 
transformation, but to a pseudo-orthogonal transformation, i.e. 
to a transformation which leaves the quadratic form 


n-1 
Q() = az? 
0 
invariant. Thus the coefficients a; of a pseudo-orthogonal trans- 
formation of this kind must satisfy the conditions 
n -1 n-1 
E, €,94 ay = Lpeayayn = Sy. 
0 o 
The most general expression which can be attributed to the 
coefficients a, in the case of infinitesimal pseudo-orthogonal 
transformations follows immediately from the condition that the 
form Q(z) is to be invariant. We have merely to put 


Qiy By + €; Bx 
and to regard the quantities ß,, as indefinitely small. If in Q 


we carry out the substitution 


nel n-1 


. r ’ , 
ži 2; ant = 2; + €; >, Bu Zk + (29) 
0 0 
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and require that Q(z’) should retain the form 


v ‘3 


¡Ei Ši 


what we obtain (as in the case of pure orthogonal substitutions) 
is the condition of skew-symmetry, namely 


Ba Bau O0. . . u. (30) 


The components of an n-uplet tensor are systems of numbers 
which behave like tensors with respect to pseudo-orthogonal 
transformations; for local n-uplet tensors this behaviour is 
maintained only with respect to pseudo-orthogonal transforma- 
tions with constant coefficients. The operators 


df N n=l af 
X; 2,4 
ds, f o : on” 
behave like n-uplet vectors. 
If (2) and (k) denote any group of n-uplet indices and 
Ara Buy two local n-uplet tensors, then contraction with respect 
to 7, l is defined by the formula 


n-1 


Dr e; Ain Buy . 
0 


We accordingly obtain 


n=l 


Ga = Ehre er) * 
n-1 
G En Ya - - - (11)* 


instead of (10) and (11). 
Further, the formule (12), (14), and (15) must be replaced 
by 


n=l 
ta = 5, Ya Pas FF, > A 
0 ds, 
n-1 
a= Bey +... . oe 
n-1 
and Mir = 2 € Ct (Yun — Yunis un (oz 
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while the expressions (13) for covariant and contravariant com- 
ponents in terms of the »-uplet components é, are to be 
deduced from (1), the universally valid definition of the n-uplet 
components of a tensor. Hence they become 


n-1 


En, = Za En & Cy Aria Anto | 
n-i ene > (13) * 
— Za Eir Ci & Ar Az | 


As contraction of pseudo-orthogonal n-uplet tensors is brought 
about by inserting the factor e with the appropriate index, it is 
at once clear that (19), (20), and (24) take the forms 


n-1 dv, n-1 

= Y — + qy* 

div v = Ey €e — Enk Ca Ce YO - = + - (19) 
0 


0 ds, 
n=] n 


€ > ö 
x = 3.45 — E En €r (Vine Ene + Yane Ein) (20)* 
k ( 
3 d , 5 > 
PRE Zin €n €k € em i T 22,4 Yint és. . (24)* 


Of course the equations (18’) and (22), i.e. 
div (Div E) = 0, div (Div* E) = 0, . (31) 


which express invariant properties, always remain valid. 


4. Gravitational equations. 


As usual, let the covariant components of the energy tensor 
be denoted by T,,. If influences of any origin are admitted, 
these quantities T,, are to be imagined broken up into two 
parts, one of which, 7,,, is purely electromagnetic, and the other, 
Tẹ represents the remainder, if any. We therefore put 


K 
Pi E A 


uo 


where t is the well-known Maxwell tensor; further, for empty 
space T,, is of course equal to zero. 

As is well known, the Einstein equations (without the 
cosmological term) are 


Gu — $69,, = —«T,,, 
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where the constant of proportionality « may be expressed in 
terms of f, the gravitational constant, and c, the velocity of light 


ea! 


If we introduce the corresponding n-uplet tensors in accord- 
ance with the formule 


Er: 
Ty = T,X, do, 


we have, on the one hand, 
IR = Tik + Ty, = . . . (32°) 


from (32), and (what is most important) the gravitational equations 
in the n-uplet tensor form ! 


G-IuGE = —«Tz, Gk=01233) (1 


where, m accordance with (10)* and (11)*, 
3 A] 3 
=r de ao y 
Cu = E, € Yini @ = Eper Gin = Vay Cn Ce Yen, mee 
0 0 0 


As the space-time manifold on which the general theory of 
relativity is to be based possesses an indefinite metric with an 
index of inertia 3, we have to put 


tt = l, 0 = & = & = ~l. . (33) 


The quantities y; ,, are introduced by the equations (8) * 
as lattice differential elements of the second order. Their com- 
binations G behave like tensors with respect to all pseudo- 
orthogonal (i.e. in the present case Lorentz) transformations 
(even if the coefficients are permitted to vary in any way with 
position). 

Accordingly, as indeed is clear from the outset, the ten 
equations (I) do not, as far as their original form is concerned, 
favour any special quadruplet. They are valid in one and the 
same form for all orthogonal quadruplets of the relativistic R,, 
and, as is well-known, serve to define their metric. 

As in every case they give ten relationships between the 


1Given in 1918 by Cisotti (Rend. Acc. Lincei, Vol. XXVIL, pp. 366-371), 
but confined to the (imaginary) notation of (8), (10), (11). 
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sixteen parameters A”, we need only find six other apparently 
reasonable conditions connecting the latter, m order to mark 
out a special lattice (the world lattice) from among all the 
possible quadruplets and lattices corresponding to the space- 
time-manifold R,. 

We shall shortly (§6) carry out this final step, which is in 
fact the only essential one. Meanwhile we may appropriately 
lead up to it by putting Maxwell’s equations into a suitable 
form. 


5. Electromagnetic equations. 


Let F,,, F, F be the (covariant, contravariant, and r-uplet) 
components of the skew-symmetrical tensor F which defines 
the electromagnetic field in the space-time world; let S (a vector) 
be the current-vector+ and S,, &c., its four components, where 
all the quantities are understood to be measured in so-called 
rational units. 

Maxwell’s equations (as adopted in the general theory of 


relativity after Einstein) then take the forms 
Diy? a SIDI = OM a. CH) 


Each group contains four equations, so that at first glance 
one would take the total number of equations to be eight. But 
we necessarily have div S= 0, so that by (31) there must exist 
two identical relationships, namely those which express the fact 
that the divergences in question vanish. Thus two equations of 
the system (34) may (with appropriate subsidiary conditions) be 
regarded as resulting from the other six; and in fact we know 
that if S is regarded as given or as associated in some other way 
with the tensor F, then the equations (34) merely serve to deter- 
mine the six components of F for 2° + dz? uniquely from their 
values for a given x% (and any 21, 22, 23). 

We have still to write down the symmetrical stress-energy 
tensor explicitly. As is well known, its covariant components 
are defined as follows: 


Tav — g FE a F En: 
By composition with A%A; (by replacing g'” on the right- 


1Ger. Viererstrom. 
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3 3 
hand side by 2,e,4A7 and F°? by Ej, eje, Fin GAz) we obtain the 
0 0 


required n-uplet tensor formula: 


3 $ 
= y i SA y n 2 
Ta = — EF ¿Fu + F Sir Eyn € En Fur. - (35) 
9 0 


6. Interpretation of the electromagnetic tensor in the 
world lattice. Purely geometrical formulation of the field 
equations. 


A priori we may quite arbitrarily connect the six n-uplet 
components F, of the electromagnetic field with any geome- 
trical properties of a quadruplet (thereby defined) of the Ry. 
A very simple way of doing this is to make the quantities Fy, 
proportional to the corresponding elements of a (differential) 
skew-symmetrical local n-uplet tensor, e.g. to the differential 
expressions, of the second or first order respectively, which are 
defined by the equations 


a. a a)" 
o ds; 
or 
Me = 260 (Yu — Yui) - - - (15)* 
of $3. 


As we shall see, the best way is to select the first expression, 
and we accordingly put 


Fi = Wen . . . . . (P) 

where v denotes a constant. 

As the Ricci coefficients of rotation y; are merely ratios 
of an angle and a length, the quantities ¢,, are of dimensions 17?. 
The quantities F, on the other hand, behave like the square 
root of an energy-density. Consequently we have 

[Fix] == 1-3-1 mt. 
Hence the factor of proportionality v has dimensions 
Et! mi, 

which are those of an electric charge e, e.g. the electronic 
charge, so that we may write 


=> 0 e tare (30) 
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where the factor of proportionality ¿ is now a pure number. 
Moreover, we may also replace e in (36) by any other quantity 
of the same dimensions; e.g. we may put 


DE. a E E 


where h is Planck's constant, c the velocity of light in empty 
space, and 4, a pure number. 

Hence the final forms of the geometrical equations which 
arise from the Maxwellian system (34) and our proposed 
addition (P), are 


Dve 28 Div*e = 0, % vom 


1 
v 
where E means the local n-uplet tensor (12)*. In conclusion, 
then, the geometrical definition of the quadruplet (world lattice) 
associated with the field is to be taken from the two systems (1) 
and (II), which together give sixteen (apparently eighteen, but 
in reality only sixteen) differential equations (of the second and 
third order respectively) involving the sixteen n-uplet parameters A. 


7. The case of empty space: absence of an electromagnetic 
field. 
In empty space (T = 0, S = 0), (I) reduces in virtue of (32) 


to the form 
Ca A at Tr al! | 


where the term 7; on the right-hand side is given by 


y 3 
Ta = — De faba + vs En ej €, En (35’) 
. ’ 


by (35) and (P); while the system (II) becomes 
ID DN? O UL) 


Tf the electromagnetic field vanishes in addition to the external 
energy tensor Tẹ, the quantities £,, and hence, by (35’), the 
quantities 7;, also, are equal to zero. If this happens everywhere 
in the space-time world, we know 1 that the equations (I’), which 
simply become G= 0, necessarily imply that the metric of 
the space is Euclidean or, more correctly, pseudo-Euclidean. 


1 Cf. Serini, Rend. Acc. Lincei, Vol. XXVII, 1918, pp. 235-238. 
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What, then, is the geometrical meaning of the absence of 
electromagnetic phenomena in this limiting case, i.e. what is 
the geometrical meaning of the equations 


Be eh. BD 


They simply state the fact that the world lattice is Cartesian 
or, more correctly, pseudo-Cartestan. 

In order to give as concise a proof of this as possible, I shall 
only consider quadruplets in which the deviations from a 
pseudo-Cartesian lattice are infinitely small. 

If, in particular, we take the co-ordinates x” to be Cartesian 
co-ordinates with respect to that lattice, we have 


Aa = “fp 
for the parameters of the corresponding quadruplet. 
Let A be the parameters of any neighbouring quadruplet. 
Since the passage from the quantities A” to the quantities AY 


corresponds to an infinitesimal pseudo-orthogonal transformation, 
the quantities A} must, by (29), be expressible as follows: 


3 
Al = 5, 35 ei E; Bu 8, = ö,, nr €; Bu; Ss (38) 
0 


where the quantities By form a skew-symmetrical n-uplet tensor. 
From this we can immediately calculate the reciprocal elements. 
To a first approximation we obtain 


6; Ay, 8, + €, Bio 
whence, multiplying by e;, 
At, 98 F ee, Bau . - - (38) 


On the other hand, if we altogether neglect infinitely small 
quantities, the operators 


d AAA 


and the covariant derivatives reduce to their usual forms. 
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Thus (4), the definition of the rotational invariants y, gives 
(except for infinitely small quantities of the second order) 


OB 


Yu = Gest 
3 E qe 


and from (12)* we further obtain 


a 02 B, 
En eee A 
0 ( x) 
BP as 
inne Bu 


The differential operator Y, e, is none other than the 


ml = ha 
0 (GE; y 
Dalembertian or Lorentz operator O. Thus the equations (37) 
take the form 
E == Opes 2 e e | (BN) 


and together with suitable initial and boundary conditions they 
give 

Ba = 0, 
i.e. the Cartesian (or, more correctly, pseudo-Cartesian) character 


of the world lattice. I think that this conclusion justifies our 
assumption (P). If we had put, say, 


Fy, = Uwe (vu = constant) 
where the quantities n,, are given by the expressions (15)*, we 


should not have obtained any satisfactory result. 
A more general assumption, such as 


Fy = vet vn 
would, on the other hand, be more complicated, though just as 
admissible as (A) from the logical point of view. To a first approxi- 


mation, in fact, we should obtain the same result, as the 7’s are 
of higher order than the é’s. 
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